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R(s1I2)  were used instead [calculation (a)], the t = t’limit 
of (C2) would be utilized in (Cl) ,  resulting in a value twice 
as large. Hence, calculation (b) is too small  by a factor of 
2. - 

In order to consider calculation (c) it is necessary to 
employ  a discrete notation as is done in ref 8 and 9. In 
these calculations the finite chain length  corrections in- 
volve te rms  of the form exp(-h2Ll/6) - 1 which would yield 
a predicted viscosity twice too large if retained. Conse- 
quent ly ,  if approximat ions  (1) and (2) a r e  not simulta- 
neously employed,  the appropr ia te  overall factors  of 2 or 
0.5 must be appended. A t  infinite dilution calculations 
may be done precisely, but at finite concentrations the 
approximat ions  (1) and (2) become invaluable. Present 
unders tanding  of the intricacies of the ordering of the 
limits, arising from approximation (l), m a y  enable us to 
alleviate the necessity of applying these correction factors. 
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The Onset of Entangled Behavior in Semidilute and 
Concentrated Polymer Solutions 

J. K l e i n *  
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ABSTRACT: It  is proposed that the onset of entangled behavior with increasing N (degree of polymerization) 
in polymer solutions of concentration c > c* (overlap concentration) corresponds to the point where molecular 
diffusion becomes restricted to reptation alone. An internally self-consistent model for reptation in such solutions, 
based on a reptation and “tube”-reorganization concept, is developed. By treating the relaxation of molecules 
as a cooperative phenomenon the onset of reptation is identified as a second-order, ferromagnetic-like transition 
occurring a t  a critical N and entanglement density. It is possible to compare some predictions of our treatment 
with experiments on the variation of N,  (critical N for onset of entangled behavior) with c, by incorporating 
results of previous studies on static-correlation properties in semidilute polymer solutions. The agreement 
is surprisingly good. 

I. Introduction 
There is a well-known transition in the time-dependent 

properties of polymer solutions occurring at concentrations 
well above the overlap c ~ n c e n t r a t i o n ’ ~  c = c* ( indeed,  in 
undiluted polymer) as a function of molecular weight M: 
this is the onset of “entangled” behavior,1y2a which m a n -  
ifests itself in a n u m b e r  of propert ies .  The variat ion of 
steady-flow viscosity 7 for c > c* as a function of molecular 
weight  M (or N ,  the degree of polymerization) shown in 
Figure 1 is an Experimentally, a rather sharp 

*Address correspondence to this author at the Polymer Department, 
Weizmann Institute of Science, Rehovot, Israel. 

change in the slope of the log N vs. log 7 plot is observed 
to occur at some critical polymer length N = N,. The value 
of N ,  varies  wi th  the concentration c;  for  undiluted 
polymers N,  is the equivalent of around 3 W O O  backbone 
units, the value depending  on the polymer.  The experi- 
m e n t a l  situation has been extensively 

The precise n a t u r e  of entanglements  and the role t h e y  
play in modifying the dynamic properties of concentrated 
polymer systems are not well understood. It is customary 
to consider3 the critical point at N = N ,  (or M = Mc)’as 
that at which entanglement  couplings between different 
molecules form; as molecules d r a g  past each other there 
is enhanced fr ic t ion at  the coupling points, leading, for 
example,  to the higher  N dependence of 7 (Figure 1) as- 
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log N (M) 
Figure 1. Typical variation of the steady-flow viscosity 7 with 
degree of polymerization N (or molecular weight M )  for a linear 
polymer in solution at fixed polymer concentration c (>>c*, the 
“overlap” c~ncentration’~). The value of N,, the critical degree 
of polymerization for the onset of entangled behavior, varies with 
c but is typically the equivalent of some 300-600 backbone units 
for undiluted polymer. 

sociated with entanglements. Calculations based on the 
above picture, as well as on variations of it such as the 
relaxation of a transient networkza (formed by the cou- 
plings), have been given. It has been recognized for some 
time, however, that this classical picture is not adequate4r5 
and that the essence of the problem, rather, is one of 
topological constraints on the motion of molecules. 

De Gennes first proposed that the effect of topological 
constraints on the motion of polymer molecules in a 
concentrated system (resulting from the noncrossability 
of the contours of adjacent chains) could be treated in 
terms of a tube ~ o n s t r a i n t . ~  The “tube” is defined about 
any given molecule by the locus of its intersections with 
neighboring molecules, and translation within the tube was 
seen as proceeding by worm-like wriggling of the molecules 
along their own length. This motion was termed reptation 
(from reptile). More recently calculations of the viscosity 
7, based on the reptation model, have been g i ~ e n . ~ ~ ~ ~  Very 
recently substantive support for the reptation concept was 
provided by a series of measurements on the variation of 
D with diffusant molecular weight, for deuterated poly- 
ethylene diffusing in a normal (protonated) polyethylene 
matrix of M >> M C e 8  

The current position may be summarized as follows: 
(a) For c > c* and M < M ,  (region A of Figure 1) the 

situation is quite complex. In fact, the Rouse equationlo 
gives a good account of the experimental situation con- 
cerning the behavior of 77 as a function of M in this re- 
gime.1!2 

(b) At M = M ,  the behavior of 7 changes from 7 a M 
to 7 a w.4 and remains so for M > M,  (region B of Figure 
1). The transition occurs over a narrow range of M.1,2a 

(c)  calculation^^^^^ of 7 based on the reptation model 
predict 7 01 W .  

(d) Direct support for the reptation concept has been 
provided by measurements of D as a function of M in an 
entangled polymer matrixas These show D a M-2.0*o.1, 
compared with D 0: M-2 as predicted for reptating mol- 
e c u l e ~ . ~  

Consideration of these points has led8 to the following 
proposal: the onset of entangled behavior corresponds to 
the point a t  which the translational self-diffusion of a 
polymer molecule (which may be identified with the 
slowest relaxation mode, essentially) in a concentrated 
solution becomes constrained to take place by reptation. 

This proposal will be explored in the following sections. 
In section I1 an internally self-consistent model for rep- 
tation in a polymer solution is developed, and in section 

Figure 2. A given polymer chain C entangled with other chains 
C1-C4 (top) may be regarded as enclosed within a virtual pipe 
(bottom), defined by the locus of the constraints imposed on its 
motion by the other chains. ( is the mean permitted displacement 
of a segment of C in a direction normal to the “pipe axis”, and 
the points [@) in the lower figure represent cross sections through 
C1-C4 in a plane parallel to  the paper. Since each of the chains 
C1-C4 may itself be regraded as being in a similar pipe, the mean 
separation of the cross sections [@) is also -(. 

I11 the transition between Rouse-like and reptative re- 
laxation modes is considered. Numerical factors in the 
present treatment are approximate throughout. 

11. A Self-consistent Model for Reptation 
A polymer molecule (with N monomers) in a semidilute 

or concentrated solution may be regarded as being within 
a virtual “tube” defined by its intersections with adjacent 
molecules, as in Figure 2.  E ,  as shown in Figure 2 ,  rep- 
resents the root mean square permitted displacement of 
a point on the molecule of interest. It is essentially the 
interentanglement separation. 

In a real polymer system the configuration of the virtual 
tube will change with time, as the molecules which define 
it (C1-C4 in Figure 2 )  are also mobile. Two characteristic 
times may be defined: T , , ~ ,  which is the time a given 
molecule (the labeled molecule, say) takes to reptate along 
the length L of its confining tube, and TR, which is the time 
taken by a tube to renew its configuration in some sense, 
to be defined later. In completely frozen surroundings (i.e., 
a rigidly fixed “tube”) rre will be the relaxation time for 
the labeled molecule: in tiis time it will completely renew 
its configuration by wriggling out of its old “tube” and 
“generating” a new one. 

rrep may be estimated by treating the labeled molecule 
as a Rouse chain enclosed within a fixed tube:7 taking the 
size of a submolecule as (Le., the size of the interen- 
tanglement region), there will be N = N / g  entanglement 
points and also N submolecules, where g is the mean 
number of labeled chain monomers between entangle- 
ments. The mobility B, of a submolecule in the tube is 
related to the curvilinear diffusion coefficient D, of the 
whole chain along the tube as D, = B,kT/N(k is Boltz- 
manns constant, T being the temperature) by Einsteins 
relation:15 if a Rouse chain with Nbeads of mobility B, 
is pulled inside a tube, the friction will be proportional to 
the number of beads, and the overall mobility of the chain 
along the tube will be B,/ N. The time taken for the chain 
to diffuse along the tube length L N NE is just 

~2 N3t2 
2 0 ,  2B,kT 

N- Trep E - 

Any internally self-consistent model for reptation must 
require that TR R rreP, so that molecules are always moving 
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Figure 3. The basic tube renewal step as proposed by De 
G e n n e ~ . ~ , ~  The chain end CE jumps to a new position relative to 
the chain of interest C, leading to a change in tube topology at 
that point. Chains such as C1 whose ends are far from the 
particular “tube” of interest do not participate in this process. 
within effectively fixed surroundings, i.e., reptating. 
Mechanisms for tube reorganization have been considered 
by De G e n n e ~ ~ ? ~  and, briefly, by Doi.6a The former con- 
sidered the fundamental “tube” renewal step to take place 
only at  points where the tube is defined by the end part 
of a molecule, such as CE in Figure 3. Changes in “tube” 
topology at  those points occurred by flipping of the chain 
end, as shown in Figure 3. This sort of process will in fact 
cause local fluctuations in the tube topology, but it cannot 
lead to an overall renewal of configuration. This is because 
only a small fraction (=l/N) of the points of intersection 
defining a tube can participate in this renewal mode, while 
the bulk of the points defining the tube (such as C1 in 
Figure 3) remain unchanged. Doi assumed6a that the tube 
relaxation time T~ was the characteristic time for coop- 
erative relaxation calculated for polymer melts by Edwards 
and Grant:5 these authors, however implicitly excluded 
reptation from their calculations, so that this assumption 
is not consistent with a reptation model. These incon- 
sistencies clearly do not invalidate the calculations for v, 
since in these a fixed tube constraint, i.e., reptation, is 
assumed. 

An internally self-consistent model for reptation may 
be set up as follows: suppose that, for a concentrated 
polymer solution of sufficiently high molecular weight, 
diffusion of the molecules is in fact constrained to rep- 
tation. Then, with reference to Figure 2 ,  the only way 
whereby topological changes may take place all along the 
length of a “tube” is for chains such as C1, C2, ... to reptate 
along their length until they have passed the position of 
intersection with the labeled chain C. The constraint a t  
that point is then relaxed, to be replaced by another one 
due to an adjacent segment of some other molecule. Figure 
4 shows this basic step schematically, indicating also the 
way in which the “tube” deforms upon relaxation of a 
constraint. The characteristic distance involved is the 
interentanglement length E .  

There will be a characteristic time associated with the 
relaxation of “tube” constraints, which we call 7,. In a 
purely reptating system 7, will clearly be associated with 
T,,~, the time taken for a molecule to reptate along its 
length. This is because it is only by the reptating away 
of the molecule (as C1, C2, ... ), with which the constraint 
is associated, that such a constraint may relax; in the 
Appendix it is shown that in fact T,  = i r e p / 6 .  There is a 
further assumption implicit in taking the constraint re- 
laxation mechanism described above as the fundamental 
tube distortion step: this is that the time taken by the 
labeled molecule to “sample” the new “tube” topology is 
much shorter than T ~ .  This will be justified later. 

We now follow Edwards and Grant5 and De G e n n e ~ ~ , ~  
in treating the virtual tube as an equivalent Rouse chain,1° 
where the constraints (i.e., the points of intersection of our 
labeled chain with adjacent chains) correspond to ends of 

X 
X Ix c2 

\- F 

X X 
X X 

(a)  ( b) 

Figure 4. The fundamental “tube” renewal step in the present 
model. The constraining chain C1 shown schematically in section 
(a) has reptated away in (b) and the tube is now defined by the 
constraint due to  the chain Cz, a mean distance [ away. All 
“tube”-defining constraints participate in this process. The 
segment of enclosed chain near the newly created “hole” “samples” 
it in a time -Os << T ~ ,  the mean lifetime of a constraint. 

submolecules in Rouse’s terminology. Since there are N 
constraints defining a virtual “tube” about any molecule, 
there will be N submolecules in the equivalent Rouse 
chain. Following De Gennes7 we take the longest relax- 
ation time T~ of the equivalent Rouse chain as the char- 
acteristic time for renewal of tube configuration, T& In 
a time t = T~ the configuration of a Rouse chain loses, 
through diffusion, its correlation with its value at  time t 
= O.lo We then have 

T~ N W E 2 / 6 r 2 B k T  (2) 

where B is in some sense the “mobility” of a tube con- 
straint. Since in a time i ,  such a constraint is replaced 
by another a mean distance 5 away (Figure 4), we may 
write T, = F2/2BkT, so that from (2) 

i R  = W T c / 3 r 2  (3) 
Where constraints relax by reptation alone T ,  = 7,,,/6 

(see Appendix), so that in a reptating system 

T R  N 2 i r e P / 1 8 r 2  (4) 

Now N = N/g.  The value of g, the mean number of 
monomers between intersection points, will be some 
function of the polymer concentration” (see, for example, 
section IV), so that for a given concentration, T R  >> T , , ~  

for sufficiently high N.  This implies that the “tube” is 
essentially unchanged over the time a molecule takes to 
reptate along it; i.e., molecules move in fixed surroundings. 
This fulfills the internal consistency requirement for 
reptation to take place. Equation 4 may be written T R  0: 
N2 for fixed c (c >> c*), and this may be contrasted 
wi lcbe  Gennes’ result,’ T R  = T,,~, and Doi’s assumptionh 
of T R  0: N T , , ~  on the basis of the work by Edwards and 
Grant.5 The very much slower rate of tube reorganization 
(for N >> 1) in our model (in the reptation regime) is a 
consequence of imposing a self-consistency requirement 
on the relaxation of the tube constraints. 

I t  is important to appreciate that the relaxation of the 
virtual tube configuration cannot in generaP be observed 
in studies of the relaxation properties of entangled 
polymers (as, for example, low-frequency mechanical 
measurements’). This is because the relaxation rate 
measured in such studies corresponds to the overall re- 
laxation of a molecule, of characteristic time T,  (see also 
eq 6 ) ,  and is the sum of two relaxation processes, namely 
reptation and virtual tube reorganization. We have, for 
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the two characteristic times, 

7 R  0: N5 (tube reorganization) 

and 

T , , ~  a N3 (reptation) 

so that for entangled systems (high N) 7R >> 7,, , and thus 
the overall relaxation proceeds almost entireyy by rep- 
tation. In these circumstances the contribution of the slow 
tube-reorganization component to the overall relaxation 
cannot be observed. 

Consider now the time taken by a segment of the labeled 
molecule to “sample” a newly created “hole” in its sur- 
rounding “tube” (Figure 4), produced by the disappearance 
of a constraint. The size of the segment involved is 
necessarily - E ,  so that its mobility is B, as before. The 
time such a segment takes to “sample” the newly created 
space (itself of size - 5 )  is 0, N t2/2B,kT. For reptation, 
7, = 7,,p/6 and from (1) T , , ~  N N3t2/2B,kT; since N>> 
1, we have T, >> 0,. Thus the labeled molecule samples 
the “hole” created by the relaxation of a “tube” constraint 
in a time very much shorter than the time scale of the 
latter. This justifies our previous assumption. 

It is appropriate a t  this stage to point out some of the 
simplifications made in the above model. Hydrodynamic 
interactions between parts of the labeled molecule over 
distances <[have been ignored (for distances >[, these will 
be screened out by the entanglements), i.e., we have used 
the free draining approximation at  all distances. Our 
treating of portions of the labeled molecule between en- 
tanglements as Rouse-like submolecules also implies [ >> 
monomer size, so that the model applies better in the 
semidilute regime than in concentrated or undiluted 
polymer systems. There is a more subtle point which we 
have not considered: the constraints along the length of 
our labeled molecule may not all be independent of each 
other. For example, two or more of the constraints such 
as C1-CI in Figure 4 may belong to a single molecule, or 
indeed be “distant” segments of the labeled molecule itself. 
The consequence of this in terms of our model would be 
to reduce the effective number of independent constraints 
N defining the virtual “tube”. To the accuracy of the 
present discussion, however, the consequences of these 
simplifications are ignored: this is equivalent in a sense 
to a “mean field approximation”. I t  will not substantially 
alter the main conclusions of our treatment. 

111. Breakdown of Reptation 
The analysis of the previous section showed that for 

sufficiently high N and c an internally self-consistent 
picture of reptation is possible, with 

T R  N N 2 ~ , , p / 1 8 ~ 2  >> Trep 

Consider now what happens as N is lowered (by reducing 
either N or c )  from some high value for which 

N2/18a2 >> 1 ( 5 )  

As the tube renewal time 7 R  approaches (from above) the 
value of 7,,p, Le., when the inequality in ( 5 )  begins to break 
down, there will be a rapid cooperative effect tending to 
reduce 7 R  even more rapidly. This may be qualitatively 
visualized as follows: as long as 7 R  >> 7,ep, any given chain 
will be moving in essentially fixed surroundings and its 
relaxation will be purely reptative; the overall relaxation 
time 7, = T , , ~ .  As the value of N decreases so that the 
“tube” can no longer be considered fixed on the time scale 
of reptative renewal, the overall relaxation will become 
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more rapid than that due to reptation alone. Thus the 
constraint relaxation time 7, becomes shorter than its value 
for pure reptation (since the constraining molecules are 
also relaxing faster), leading to a further decrease in TR, 

and so on. 
The effect is similar in some sense to a second-order 

transition, e.g., the ferromagnetic-paramagnetic transition 
in ferromagnetic materials. Though the physical processes 
involved are different, both effects may be viewed as 
resulting from cooperative interaction between the ele- 
ments of the respective systems: magnetic interaction on 
the one hand and intertangled molecules, or topological 
interaction, on the other. In ferromagnetism the inter- 
action between the magnetic moments (pictured as an 
internal field) is perturbed as the temperature approaches 
the critical temperature T,  (Curie temperature) from 
below; because of the cooperative, or interdependent, 
nature of the magnetic interaction, a rapid breakdown of 
the ordered domains occurs as T,  is reached. Beyond T,  
one has only paramagnetism and diamagnetism. The 
ferromagnetism phenomenon and the occurence of a 
critical temperature are often explained by a graphical 
method;” in the remainder of this section we make use of 
a similar graphical approach to illustrate more quanti- 
tatively the onset of reptative behavior for the case of 
concentrated polymer systems. 

Now the overall relaxation of a given molecule in our 
model (with a characteristic time T,) may be considered 
as due to the sum of two relaxation processes: reptation 
within a surrounding tube (with characteristic time 7,, ) 
and relaxation due to the reorganization of the tube itsejf 
(with characteristic time 7 R ) .  If these two processes are 
independent  of each other ,  then we may quite generally 
write 

1 1 1  - z-+- 
7~ Trep 7R 

Treating the “tube” as a Rouse tube, as before, its re- 
laxation time may always be written as in eq 3, 

7~ = N27,/3r2 

so that (6) becomes 

(7) 

Equation 7 is a general relation expressing an overall 
relaxation rate for a system relaxing by two independent 
modes. To proceed, we make use of our model of the 
previous section. When the polymer solution or melt is 
highly entangled, the overall relaxation is constrained to 
proceed by reptation alone: 

71 = Trep (8a) 

We now impose the self-consistency requirement that 
in fact each of the constraining segments defining a tube 
itself belongs to a molecule which is surrounded by a 
similar tube, and that the relaxation of constraints thus 
also proceeds by reptation (see section I1 and also the 
Appendix); in this case 

7, = %Trep (8b) 

From eq 8 we obtain a simple self-consistency relation 
(in the entangled regime) between the overall relaxation 
of a given molecule and the relaxation time of the con- 
straints about it; this takes account of the fact that  both 
the given molecule and its adjacent neighbors relax in an 



856 Klein Macromolecules 
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Figure 5. (a) Plot of eq 7a. (b) Plot of eq 9. 

I I 

Figure 6. Equations 9 (curve (a)) and 7a (curves (b-d)) plotted 
on the same graph. Curve (b): N <  N,; there is only one solution 
consistent with both (7a) and (91, a t  iC = 0. This solution cor- 
responds to unconstrained or Rouse-like relaxation. Curve (c): 
N =  N,; the slopes in the limit T ,  - 0 are equal, Le., NC2/3.rr2 = 
6. Curve (d): N >  N,; there is a second solution, a t  a finite value 
of T,, satisfying both equations. This solution corresponds to 
constrained relaxation. The relative values of the abcissa and 
ordinate scales are equal for the three Nvalues, so that eq 9 is 
represented by curve (a) in all three cases. The absolute values 
are different for the different curves, for clarity of exposition. 

identical way (in other words, we are using a self-consistent 
mean-field approach): 

T,  = 67, (9) 
Recasting eq 7, we have 

Figure 5a,b shows T,  plotted against T~ from eq 7a and 
9. With reference to Figure 5a we note that the asymptotic 
limit of T ,  (=T,~,) is proportional to W ,  and that the slope 
near the origin is N2/3ir2. 

Plotting eq 7a and 9 together, we distinguish three cases, 
as shown in Figure 6. We note at once that there is always 
a solution satisfying both (7a) and (9), at  all values of N. 
This is the solution at  T ,  = 0. In our model this formally 
corresponds to T, = 0. Physically, however, we know there 
is a lower l imi t  associated with the relaxation time of a 
polymer molecule, which is the Rouse relaxation limit of 
the enclosed molecule: a free polymer molecule c a n n o t  
re lax any fas te r .  This limit of characteristic time 7Rouse 
does not appear explicitly in our model, since our equations 
were based o n  the reptationltube-reorganization picture. 
However, it is evident that the limit T ,  - 0 must corre- 
spond to the progressive disappearance of effective to- 
pological constraints, and the solution at  7, = 0 (infinitely 
fast relaxation of constraints) must implicitly be identified 

0.5 

0 1  
01  0.5 1 4 

Figure 7. The variation of the reduced relaxation time ( T / T ~ ~ J  

with Nfrom eq 12. 

with the relaxation of an effectively unconstrained or free 
polymer molecule, i.e., with the Rouse relaxation limit. 

Thus there will always be a solution (for all N values) 
common to both eq 7a and 9, corresponding to the Rouse 
relaxation. Reference to Figure 6 shows, however, that i t  
is only above some critical value of N =  N, t h a t  a second 
solution appears. This second solution corresponds to the 
onset of constrained relaxation (finite T ,  values) and 
rapidly approaches the reptative limit as N increases 
beyond N,. The critical value of Nis that for which the 
slopes of the curves, describing eq 7a and 9 as T ,  - 0, are 
equal (curves (a) and (c) of Figure 6); thus N ,  = (18~’)’’’. 

Eliminating T, between (7a) and (9) for N > N,, we 
obtain 

Bearing in mind that the solution at  T ,  = 0 corresponds 
to the Rouse relaxation, we may now write for the overall 
relaxation time 7: 

7 = 7Rouse N <  N, 

7 = ~ ~ o u s e  + (1 - [N:/N21)~rep N 1  N, (11) 
In our model we deal with a Rouse molecule of N 

submolecules, each of size E and mobility B,, so that (see 
(2)) 

where 0, = F2/2B,kT; note that, for a given value of c, B,  
is independent of N.” From (l), therefore, we have 

T , , ~  = N30, 
and (11) becomes 

rRouse = N2~2/6ir2B,kT = N28,/3i? 

N <  N, 

The variation of T with N(eq  12) is indicated in Figure 
7 ,  where a “reduced” relaxation time ( T I T r e p )  is plotted 
against (N,/ N). For N > N, rapid transition from un- 
contrained or Rouse-like behavior is evident. For N = 
1.5NC, the relaxation time is already over half that  as- 
sociated with pure reptation, whereas a t  N = 3N,, 7 has 
attained a value some 90% of that associated with purely 
reptative relaxation. 

To summarize this section: a critical value of N (= N,) 
at  which the relaxation of a polymer molecule in a con- 
centrated system begins to behave in a constrained manner 
is identified, using a graphical approach similar to that 
used to explain ferromagnetism. For N C N,, only a 
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solution corresponding to unconstrained relaxation, Le., 
the Rouse mode, is possible, with a second solution cor- 
responding to constrained relaxation appearing at N >_ N,. 
With increasing N t h e  value of the relaxation time rapidly 
attains the limit associated with pure reptation. The value 
of N, in the present model is ( 1 8 ~ ~ ) ’ / ~ .  

IV. Discussion and Conclusions 
The topological constraints imposed on a given polymer 

molecule by its neighbors in semidilute and concentrated 
solutions have been treated in terms of reptation within 
a virtual “tube” and “tube reorganization”, first introduced 
by De Genne~.’ ,~ For a sufficiently high value of the 
parameter N an internally self-consistent model for 
reptation may be set up; N here is Nlg ,  where N is the 
degree of polymerization and g is the mean number of 
monomers between entanglement points, and may be 
regarded as the number of entanglements along a chain. 

By considering the relaxation of molecules in entangled 
polymer systems as a cooperative phpenomenon, the onset 
of reptation may be identified as a second-order transition 
from unconstrained or Rouse-like behavior, occurring a t  
a critical value of N = N,. In the present rather unso- 
phisticated model the value of N, is ( 1 8 ~ ~ ) ’ / ~ ; ’ ~  it corre- 
sponds in a sense to the Curie temperature in ferro- 
magnets, where the spontaneous alignment of magnetic 
spins is the corresponding cooperative phenomenon. A 
better description in this case is the locking in of a log jam 
as the length and density of logs exceeds some critical 
value. 

The treatment provides some insight into the nature of 
the onset of entangled behavior in semidilute and con- 
centrated polymer solutions. The existence of a critical 
N value, below which relaxation of the molecules is un- 
perturbed (or Rouse-like), and above which it is rapidly 
constrained to proceed by reptation alone, provides 
support for the suggestion8 that the onset of entangled 
behavior corresponds to  the onset of reptative behavior. 
The model also predicts that  in highly entangled (N>> 
N,) systems the “tube” constraint about any molecule 
changes very slowly relative to the time of reptative re- 
newal (Le., T R  >> T , , ~ ) .  This provides support for recent 
theoretical treatments6 of the properties of concentrated 
polymer systems in which a fixed tube constraint is as- 
sumed. 

The rather sharp transition from Rouse-like to con- 
strained, and ultimately reptative, relaxation predicted by 
the model is consistent with the sharp changeover observed 
in the dependence of the steady flow viscosity 7 on N, as 
noted earlier. One difficulty which remains unresolved, 
however, is that  in the entangled regime one has T 0: Nj 
(for fixed c) and thus one expects 7 a T a W rather than 
7 a iP4 as observed experimentally. This discrepancy is 
a feature of all models of relaxation which are based on 
r e p t a t i ~ n ; ~ , ~  it has been discussed at  some length by De 
Gennes.’ 

We may compare some predictions of our model with 
experimental data by adopting results from studies on 
static correlation properties of semidilute polymer systems. 
If, for example, we follow the treatment of Daoud et a1.l’ 
in their interpretation of neutron scattering data, we have 
N = N / g  = ANc5l4, where c is the polymer concentration 
(in a good solvent) and A is a constant depending on the 
monomer size, its specific partial volume, and the char- 
acteristic ratio for the p01ymer.l~ We then expectz0 
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on our model, where N, is the critical degree of polym- 

Figure 8. A particle at a random position x (-l/z < x < l/z) at 
t = 0 will “escape” the shaded region after some expected time 
T = (T’).  

erization for the onset of entangled behavior a t  concen- 
tration c. The only extensive set of results we have found 
measuring the variation of N, with c in the semidilute 
regime (where our treatment is expected to be better 
applicable) is in the study by Schurz and Hochbergerl3 on 
the steady flow viscosity 9 of polyisobutylene (PIB) in 
toluene, a good solvent. These authors measured the 
critical c for a given value of N by varying c and plotting 
log 7 vs. log e.  The critical c was then the point a t  which 
the slope of the plot showed a discontinuity. In their 
experiments, c varied between and 0.5 g / ~ m - ~  of PIB 
in toluene, and the molecular weight varied between 4 X 
lo4 and 7 X lo6. Their results showed 

N, =  constant)^-'^^^*^^^^ (14) 
which is to be compared with eq 13. The value of the 
constant in eq 14 was -55. The value of A in eq 13 for 
PIB is about 0.2, so that ( 1 8 ~ ” ) ” ~ / A  65. In view of the 
approximations inherent in our model, however, this rather 
close agreement must be regarded as fortuitous. 
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Appendix 

We require the relaxation time (7,) of a tube constraint 
in a regime where reptation is the only diffusion mode. 
That is equivalent to calculating the mean time over which 
the local topological relationship between a constraint and 
the labeled chain remains invariant. The “tube” of which 
the constraints are part lies situated a t  a random point 
along the contours of the constraining molecules (Figure 
21, and these molecules may themselves diffuse by cur- 
vilinear motion, or reptation, alone. Thus, we wish to 
calculate the expected time before either end of a chain 
of length L diffusing parallel to its own length with a 
curvilinear diffusion coefficient D, crosses a point (Le., the 
position of the labeled chain) situated at  random along its 
length at  t = 0. If we recast the problem by “fixing” the 
chain and allowing the point to diffuse, we want to find 
the expected time that a particle diffusing along x from 
a random starting position (-‘I2 < x < “escapes” by 
reaching x = f’/& (Figure 8). 

The probability of finding the particle a t  x at  time t is 
the solution of 

aP a2P 
at ax2 
- = D e -  
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where P(x, t )  obeys 
P(x,O) = 1 / L  

P(f / ,L, t )  = P(-’/,L,t) = o for t > o 
Let 

nax 
P(x,O) = C an cos - 

n odd L 

with an to be found, and 
P(x,O) = 1 / L  

from (A2).  Then from ( A l ) ,  

P(x,t) = c an cos E e - ( n * / L ) 2 D c t  
n odd L 

To find an multiply both sides of (A3) by cos (max/L) and 
integrate, 

L l 2  max 1 L / 2  max cos -.- dx = s a, cos2 - dx 
1 L / 2  L L  -L /2  L 

4 :. a,,, = - maL 
Now the probability that the diffusing particle is still in 
the range -L/2 to L / 2  a t  time t is 

The expected time T before “escape” is therefore 

T = sm t=O JLl2P(X,t)  - L / 2  dx d t  

giving 

1 
a4D n o d d  n C 7 (A4) 

Now 
1 + E - =  “ 1  a 4  1 1 - 1  E - = - =  - +  - = E -  

l n4 90 n even n4 n o d d  n4 l (2n)4 n odd n4 
1 - 1  1 -E--+ - 
16 1 n4 n o d d  n4 

i.e., 

so from (A4) 

1 15 a4 
n o d d n 4  16 90 
E - = -.- 

1 L2 
12 D, 

T = - -  

Macromolecules 

But L2/2D, = mean time for chain to diffuse along its own 
length E rrep. 

:. T 7 c  = f/GTrep 

References and Notes 
J. D. Ferry, “Viscoelastic Properties of Polymers”, 2nd ed, Wiley, 
New York, N.Y., 1970. 
(a) W. W. Graessley, Ado. Polym. Sci., 16, 1, (19741, reviews 
the entanglement concept in polymer rheology; (b) K. Freed 
and S. F. Edwards, J .  Chem. Phys., 61, 3626 (1974). 
F. Bueche, J. Chem. Phys., 20,1959 (1952); “Physical Properties 
of Polymers”, Wiley, New York, N.Y., 1962. 
P. G. De Gennes, J .  Chem. Phvs., 55,  572 (1971). 
S. F. Edwards and J. Grant, J.-Phys. A: Math., Nucl. Gen., 
6, 1169 (1973). 
(a) M. Doi. Chem. Phvs. Lett.. 26.269 (1974): (b) M. Doi and 
S. F. Edwards, J .  Chem. SOC., Faraday Trans. 2, in press. 
P. G. De Gennes, Macromolecules, 9, 587, 594 (1976). 
J. Klein, Nature (London), 271, 143 (1978). 
P. G. De Gennes, J .  Phys. (Paris), 36, 1199 (1975). 
P. E. Rouse, J .  Chem. Phys., 21, 1272 (1953). 
M. Daoud, J. P. Cotton, B. Farnoux, G. Jannink, G. Sarma, H. 
Benoit, C. Duplessix, C. Picot, and P. G. De Gennes, Macro- 
molecules, 8,  804 (1975). 
T. L. Smith, Polym. Eng. Sci., 13, 161 (1973). 
J. Schurz and H. Hochberger, Makromol. Chem., 96,141 (1966). 
c* is here loosely defined as that concentration a t  which in- 
dividual coils begin to overlap each others’ pervaded volume. 
For a more detailed discussion of the concentration limits of 
dilute, semidilute, and concentrated solutions, see, for example, 
ref 11. 
We follow here the approach of ref 7. 
One might observe the effects of tube relaxation in the case 
where reptation of the labeled molecule is suppressed. For 
example, if the diffusion coefficient of a closed polymer ring 
molecule in a matrix of entangled linear polymer were being 
measured, one might expect its translational diffusion to proceed 
by “tube” reorganization alone; this is because a closed ring 
molecule cannot reptate. In this case, the model predicts the 
diffusion coefficient of the ring molecule, DR, to scale as 

for a given matrix concentration, where MR and M ,  are the 
ring-polymer and matrix molecular weights, respectively. The 
corresponding overall relaxation time for the ring molecule is 
predicted to scale as 

rr a MR2Mm3 

For a simple description of ferromagnetism see, for example, 
B. E. Bleaney and B. Bleaney, “Electricity and Magnetism”, 
3rd ed, Oxford University Press, London, 1976. 
Care must be taken in applying the present numerical factors 
to the case of very concentrated polymer solutions or polymer 
melts. Thus for undiluted polymer the value of N ,  (eq 13) 
appears too low when compared with experimental data. The 
reasons for this have been discussed briefly at the end of section 
11; in addition, the analysis of ref 11 (on which eq  13 is partly 
based) does not extend to the case of very high concentrations. 
The physical picture associated with the model, however (the 
cooperative nature of the Rouse-to-reptation transition), remains 
unchanged in the melt regime. 
Specifically, for a C-C backbone polymer with j backbone 
units/monomer 

A = (0.83)2j(o)t5/4/c, 

where c ,  is the characteristic ratio for the polymer, D is the 
monomer partial specific volume, and the numerical factor arises 
from the angle between C-C bonds. See, for example, ref 12, 
and also ref 11. 
The prediction N ,  0: c-5/4 was first made in a footnote to ref 
7. 


